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The total correlation in a bipartite quantum system is measured by the quantum mutual infor-
mation I, which consists of quantum discord and classical correlation. However, recent results in
quantum information show that coherence, which is a part of total correlation, is more general and
more fundamental. The role of coherence in quantum resource theory is worthwhile to investigate.
We first study the relationship between quantum discord and coherence by decreasing the differ-
ence between them. Then, we consider the dynamics of quantum discord, classical correlation and
quantum coherence under incoherent quantum channels. It is found that coherence indicates the
behavior of quantum discord (classical correlation) for times t < t¯, and indicates the behavior of
classical correlation (quantum discord) for times t > t¯. Moreover, the coherence frozen and decay
characterize the quantum discord and classical correlation frozen and decay respectively.
PACS numbers: 03.65, 03.67
I. INTRODUCTION
As key resources of quantum information processing,
quantum correlations can be used to achieve different
tasks with different forms, such as entanglement, quan-
tum discord, coherence and so on. It is widely accepted
that quantum mutual information, which consists of clas-
sical and quantum correlations, is the measure of to-
tal correlation in bipartite quantum system. Aiming to
capture the total nonclassical correlation, Ollivier and
Zurek proposed a measure called quantum discord [1–
3] and stipulated classical correlated states as the states
with zero quantum discord. After that, quantum discord
have been widely studied both theoretically and experi-
mentally [4–17]. Coherence, which marks the departure
of quantum theory from classical physics, is based on
the quantum superposition and closely connected to the
quantum correlations. Recently, a rigorous framework
has been proposed to quantify coherence [18], and the
resource theory of coherence has received a great deal of
attention [18–22].
A state with zero quantum discord could have non-
zero coherence. Coherence is so general and fundamen-
tal that it has many characteristics which are specific
for other quantum resources, including quantum discord.
It is worth noting that coherence is a basis-dependent
quantifier and can exist in single-partite quantum sys-
tem, whereas quantum discord is basis-independent and
appears in bipartite quantum system at least. Although
coherence and quantum discord are different, they are
closely connected with each other. The relationship be-
tween quantum discord and coherence is important for us
to understand the common feature of quantum resources
[23–27]. In this paper, we study the relation between
quantum discord and coherence by decreasing the differ-
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ence between them, i.e., relax the basis constraint b and
remove the local coherence.
Coherence and quantum discord are both a part of to-
tal correlation (quantum mutual information), and coher-
ence is more basic quantum resource. A nature question
is that, the total quantum correlation is characterized
by coherence or quantum discord. There are two views
about this question: i). Coherence indicates the quantum
correlation, discord is a special kind of quantum corre-
lation, just like entanglement. ii). Discord indicates the
quantum correlation, coherence contains quantum cor-
relation and a part of classical correlation. To answer
this question, we consider the role of coherence during
quantum discord and classical correlation decoherence.
The interaction between a quantum system and its
environment reveals abundant characters of quantum
physics, such as frozen [28] and sudden death [29, 30]
of quantum resources. We investigate bipartite quantum
system evolution under incoherent quantum channels. It
is shown that coherence can both indicate the behavior
of quantum discord and classical correlation in different
times, and the role of coherence changes suddenly at tran-
sition time t¯. This phenomenon shows that coherence
captures both quantum and classical features.
The paper is organized as follows. In Sec. II, we re-
view the measures of coherence and quantum discord,
and discuss the relationship between coherence and quan-
tum discord measures. In Sec. III, we verify that, for
Bell-diagonal states, quantum discord is equal to coher-
ence in optimal basis. In Sec. IV, we study the role
of coherence in quantum discord and classical correla-
tion decoherence. In Sec. V, we show that coherence
frozen and decay indicate the frozen and decay of quan-
tum discord and classical correlation in different times.
We summarize our conclusion and future research in Sec.
VI.
ar
X
iv
:1
70
4.
04
89
1v
2 
 [q
ua
nt-
ph
]  
25
 Se
p 2
01
7
2II. MEASURES OF QUANTUM CORRELATION
A. Measures of coherence
A reasonable measure to quantify coherence should ful-
fill [18]: Nonnegativity, C(ρ) ≥ 0 with equality if and only
if ρ is incoherent; Monotonicity, C do not increase un-
der the action of incoherent operations, C(Λ[ρ]) ≤ C(ρ)],
for any incoherent operation Λ; Strong monotonicity,
C do not increase on average under selective incoher-
ence operations,
∑
i qiC(σi) ≤ C(ρ), with probabilities
qi = Tr[KiρK
†
i ], σi = KiρK
†
i /qi, and incoherent Kraus
operators Ki; Convexity, C is a convex function of the
state,
∑
i piC(ρi) ≥ C(
∑
piρi). In accordance with the
set of properties which every proper measure of coher-
ence should satisfy, a number of coherence measure have
been put forward. We focus on the relative entropy of co-
herence and l1 norm of coherence. The relative entropy
of coherence is defined as [18]
Cr(ρ) = min
δI
S(ρ‖δ) = S(ρdiag)− S(ρ), (1)
where ρdiag comes from ρ by vanishing off-diagonal ele-
ments, I stands for the set of incoherent states, S(ρ‖δ) =
Tr(ρ log ρ− ρ log δ) is the quantum relative entropy and
S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy [31].
The l1 norm of coherence is defined as [18]
Cl1(ρ) = min
δI
|ρ− δ|l1 =
∑
i 6=j
|ρij |, (2)
where ρij are entries of ρ.
B. Measures of quantum discord
The quantum mutual information of system A and B
is defined as
I(ρAB) = S(ρA) + S(ρB)− S(ρAB). (3)
The one-side classical mutual information is given by the
following form
Jcq(ρA:B) = S(B)− S(B|{Πa}), (4)
where S(B|{Πa}) =
∑
a paS(ρB|a) is the conditional en-
tropy [31], and {Πa} is a set of projective measurement
with the classical outcome a on subsystem A. The min-
imized difference between quantum mutual information
and one-side classical mutual information
D1(ρAB) ≡ min{Πa}{I(ρA:B)− Jcq(ρA:B)}, (5)
was called quantum discord by Olliver and Zurek [1]. The
classical correlation was proposed by Henderson and Ve-
dral [2]
CCcq(ρAB) ≡ max
Πa
Jcq(ρA:B), (6)
where the maximum is taken over the complete set of
projective measurement {Πa}. Then quantum discord is
simply defined as D1(ρAB) = I − CC(ρAB).
One can also define quantum and classical correlations
via two-side measurement. The two-side classical corre-
lation in a composite bipartite system can be expressed
as the maximum classical mutual information
CCcc(ρAB) ≡ max
Πa⊗Πb
Ic(ρA:B), (7)
where {Πa⊗Πb} is a set of local projective measurements
with the classical outcome a and b on subsystem A and B,
Ic(ρA:B) = H(ρA) +H(ρA)−H(ρAB) is classical mutual
information and H = ∑i pi log pi is Shannon entropy.
The two-side quantum discord is defined as [32, 33]
D2(ρAB) = I(ρAB)− CCcc(ρAB). (8)
The relative entropy of discord is defined as [6]
Dr(ρAB) = min
δ
S(ρAB ‖ χ) = min
B(−→k )
H(B(−→k ))− S(ρAB),
(9)
where χ is in the set of classical-classical states and
{|B(−→k )〉 = |B(k1)〉|B(k2)〉 is a local orthogonal basis.
C. Relation of quantum discord and coherence
Coherence and discord in a given state is the distance
to the closest incoherent state and classical correlated
states. The relative entropy of quantum discord and rel-
ative entropy of coherence are defined as [18, 35]
D = min
δ⊂CC
S(ρ ‖ δ), (10)
C = min
δ⊂I
S(ρ ‖ δ), (11)
where CC and I stand for the sets of classically correlated
states (classical-classical states for bipartite system) and
incoherent states. Incoherent states take the form [18]
δ =
∑
k
pk|bk〉〈bk|, (12)
where |bk〉 = |bk,1〉|bk,2〉 · · · |bk,n〉. As for this, the inco-
herent states can be rewritten as the form of classically
correlated states
δ =
∑
k
pkτ
(b)
k,1 ⊗ · · · ⊗ τ (b)k,n, (13)
where |bk,n〉 which satisfies 〈bk,n|bk′,n〉 = δk,k′ and τ (b)k,n =∑
k pk,n|bk,n〉〈bk,n| are a fixed particular basis b and inco-
herent state on the subsystem n respectively. It is neces-
sary to emphasize that although the classically correlated
states and incoherent states take the same form, the sets
3CC and I are different collection of the states expressed
in Eq. (13). They are the collection of the states δ with
no constrain on basis and the states δ in specific basis,
and the inclusion of sets clearly appears CC ⊃ I.
Coherence is a basis-dependent quantity, different basis
generate different coherence, i.e., the coherence must be
studied in a specific basis. Whereas, quantum discord is
not a basis-depend quantity. We attempt to give an alter-
native understanding of how quantum discord is related
to quantum coherence. To reduce the difference between
quantum discord and coherence, we relax the basis con-
straint b and minimize over the set of measurement basis.
Denote the basis bopt is the minimum solution of quan-
tum discord, we define relative entropy of coherence in
basis bopt as Coptr . The relation between quantum discord
and coherence can be expressed as follows [24]
Theorem 1 The relative entropy of quantum discord is
equal to relative entropy of coherence in an optimal basis.
Proof:
Dr(ρAB) = min
B(−→k )
{H(B(−→k ))− S(ρAB)}
= min
B(−→k )
{S(ρB(
−→
k )
ABdiag
)− S(ρAB)}
= S(ρoptABdiag )− S(ρAB)
= Coptr (ρAB), (14)
where ρ
B(−→k )
ABdiag
and ρoptABdiag comes from the state ρAB in
basis B(−→k ) and bopt by vanishing off-diagonal elements
respectively.
Quantum discord exist at least in two-partite system,
but coherence can even exist in one-partite system. We
may remove the local coherence and choose an optimal
basis, and then, the relation between two-side quantum
discord and relative entropy of coherence can be ex-
pressed as follows
Theorem 2 Two-side quantum discord is equal to rela-
tive entropy of coherence between subsystem A and B in
an optimal basis.
Proof:
D2(ρAB) = min
Πa⊗Πa
{I(ρAB)− Icc(ρAB)}
= min
Πa⊗Πa
{Cr(ρAB)− Cr(ρA)− Cr(ρB)}
= Coptr (ρAB)− Coptr (ρA)− Coptr (ρB). (15)
III. COHERENCE AND QUANTUM DISCORD
FOR TWO-QUBIT SYSTEM
The most general two-qubit states ρAB can be ex-
pressed as [36]
ρAB =
1
4
(I⊗ I+~a~σ⊗ I+ I⊗~b~σ+
3∑
i,j=1
cijσi⊗σj), (16)
Here I is the identity, ~σ = (σ1, σ2, σ3) with σ1, σ2, σ3
being the Pauli operator. ~a,~b are vectors in R3, and ci,j
are real number. For simplicity, we will only consider the
Bell-diagonal states [37], which can be parameterized as
ρAB =
1
4
(I⊗I+
3∑
j=1
cjσj⊗σj) =
∑
ab
λab|βab〉〈βab|, (17)
with the maximally mixed marginals (ρA = ρB =
I
2 ).
The density matrix of Bell-diagonal states with σ3 rep-
resentation takes the form
ρσzAB =
1
4
 1 + c3 0 0 c1 − c20 1− c3 c1 + c2 00 c1 + c2 1− c3 0
c1 − c2 0 0 1 + c3
 , (18)
The eigenstates of ρσ3AB are the four Bell states:
|βab〉 = (|0, b〉+ (−1)a|1, 1⊕ b〉)/
√
2, (19)
and the corresponding eigenvalues are
λab =
1
4
[1 + (−1)ac1 − (−1)a+bc2 + (−1)bc3], (20)
where a, b ∈ {0, 1}. The Bell-diagonal states are a three-
parameter set, whose geometry can be depicted as a
tetrahedron T in three-parameter space, see Fig. 1.
Recall that two orthonormal basis sets A and B, for a
d -dimensional Hilbert space, are said to be mutually un-
biased base, or maximally complementary, if their over-
laps are constant, if |〈A|B〉| = d−1 for all a and b. Three
Pauli qubit observables σ1, σ2, and σ3 are mutually un-
biased, in the sense that the distribution of any one of
these observables is uniform for any eigenstate of the oth-
ers [38–41]. The Bell-diagonal states with σx and σy rep-
resentation take the forms of
ρσ1AB =
1
4
 1 + c1 0 0 c3 − c20 1− c1 c3 + c2 00 c3 + c2 1− c1 0
c3 − c2 0 0 1 + c1
 , (21)
and
ρσ2AB =
1
4
 1 + c2 0 0 c3 − c10 1− c2 c1 + c3 00 c1 + c3 1− c2 0
c3 − c1 0 0 1 + c2
 . (22)
For Bell-diagonal states, there are no coherence in sub-
system. The distribution of coherence is simple and just
between two subsystem. The relative entropy of coher-
ence is given by
Cr(ρσiAB) = −H(λab)−
2∑
j=1
(1 + (−1)jci)
2
log2
(1 + (−1)jci)
4
,
(23)
4Figure 1. According to quantum discord and classical corre-
lation, Bell-diagonal states in the tetrahedron can be divided
into three reigns. The sudden change of quantum discord and
classical correlation appears in the contact area of those three
area. In yellow reign, c = c1 and D(ρAB) = C(ρAB)σ1 . In
red reign, c = c2 and D(ρAB) = C(ρAB)σ2 . In blue reign,
c = c3 and D(ρAB) = C(ρAB)σ3 . As for Werner states,
Cr(ρσ1AB) = Cr(ρσ2AB) = Cr(ρσ3AB) = D(ρAB).
where H(λab) = −
∑
ab λa,b log2 λab. The l1 norm of co-
herence is
Cl1 =
1
2
|c1 − c2|+ 1
2
|c1 + c2|. (24)
The mutual information for Bell-diagonal states is given
by
I =
∑
a,b
λab log2(4λab). (25)
The classical correlation for Bell-diagonal states is given
by
CC =
2∑
j=1
(1 + (−1)jc)
2
log2(1 + (−1)jc), (26)
where c = max{|c1|, |c2|, |c3|}. The quantum discord for
Bell-diagonal states is given by [16]
D(ρAB) = −H(λab)−
2∑
j=1
(1 + (−1)jc)
2
log2
(1 + (−1)jc)
4
.
(27)
We note that one-side quantum discord, two-side quan-
tum discord and relative entropy of quantum discord are
identical for Bell-diagonal states. It is easy to verify that
quantum discord is equal to coherence with an optimal
basis, and the sudden change of optimal basis comes from
the sudden change of classical correlation. We show that
the relation between quantum discord and coherence in-
tuitively in Tab I.
Table I. As for Bell-diagonal states, quantum discord is equal
to coherence with optimal basis.
region c = c1 c = c2 c = c3
quantum discord Cr(ρσ1AB) Cr(ρσ2AB) Cr(ρσ3AB)
IV. CORRELATIONS DECOHERENCE
If no instructions, we choose σz representation for Bell-
diagonal states. In this section, we study the quantum
discord, classical correlation and coherence decoherence
under phase flip channel. Phase flip channel has opera-
tion elements [31]
K20 =
√
1− q(t)/2I,
K21 =
√
q(t)/2σ3. (28)
where q = e−2γt with damping rate γ is noisy strength.
We put phase flip channel on system A and system B
respectively, the time evolution of Bell-diagonal states
can be expressed as
c1(t) = c1(0)e
−2γt,
c2(t) = c2(0)e
−2γt,
c3(t) ≡ c3(0). (29)
For the states c3 = max{|c1|, |c2|, |c3|}, Cr(ρAB) =
D(ρAB), For the states c1 = max{|c1|, |c2|, |c3|},
Cr(ρAB) > D(ρAB), CC(ρAB) = H(Cl1) for the times
t < t¯1 = − ln c3(0)−ln c1(0)2γ , and Cr(ρAB) = D(ρAB) for
the times t > t¯1 = − ln c3(0)−ln c1(0)2γ . For the states
c2 = max{|c1|, |c2|, |c3|}, Cr(ρAB) > D(ρAB), CC(ρAB) =
H(Cl1) for the times t < t¯2 = − ln c3(0)−ln c2(0)2γ ,
and Cr(ρAB) = D(ρAB) for the times t > t¯2 =
− ln c3(0)−ln c2(0)2γ . As c3 close to zero, t¯ is increasing expo-
nentially. While c3 → 0, t¯ → ∞, coherence describe the
behavior of classical correlation all the time. Coherence
describes the behavior of classical correlation for times
t < t¯, but coherence describe the behavior of quantum
discord for times t > t¯. The sudden change also comes
from the sudden change of quantum discord and classi-
cal correlation. The trajectory of time evolution from red
or yellow reign to blue reign at t¯, and the time t¯ is the
time where the role of coherence sudden change. In Tab.
II, We show the relation of quantum discord, classical
correlation and coherence in different times.
5Table II. Coherence indicates quantum discord and classical
correlation decoherence in different times.
times t < t¯ t > t¯
classical correlation H(Cl1) I − Cr
quantum discord I −H(Cl1) Cr
Figure 2. The left is the trajectory of states with c3 = 0, and
the right is for the states with c3 = 0.2. In blue reign, c = c3
and D(ρAB) = C(ρAB)σ3 , and out of blue reign CC = Cl1 .
The trajectory of time evolution of Bell-diagonal states under
phase flip channel is close to c3 axis along straight line. The
trajectory of time evolution for Bell-diagonal states will get
to blue reign over time t¯, and the role of coherence sudden
change at time t¯.
The fact that coherence describe the behavior of quan-
tum discord and classical correlation in different times
also exist in σ1 and σ2 representation, just replace phase
flip channel by bit flip and bit-phase flip channel.
V. THE BEHAVIOR OF CORRELATIONS
INDICATED BY COHERENCE
Sudden transition between classical correlation and
quantum discord loss in a composite system has been
studied in [9]. We are going to study the role of coher-
ence in sudden transition between classical correlation
and quantum discord loss.
A. Coherence indicates the frozen of quantum
discord and classical correlation
The bit flip channel flip the state of qubit from |0〉 to |1〉
(and vice versa) with noisy strength q. It has operation
elements [31]
K10 =
√
1− q(t)/2I
K11 =
√
q(t)/2σ1. (30)
We put bit flip channel on system A and system B re-
spectively, the time evolution of Bell-diagonal states can
be expressed as
c1(t) ≡ c1(0),
c2(t) = c2(0)e
−2γt,
c3(t) = c3(0)e
−2γt. (31)
For the initial states c2(0) = −c1(0)c3(0), the coherence
is frozen [28]. For the initial states c2(0) = −c1(0)c3(0),
c 6= c1 the quantum discord is frozen but the classical
correlation is decreasing before the transition time t, and
the quantum discord is decreasing but the classical cor-
relation is frozen over the transition time t. For the ini-
tial states c2(0) = −c1(0)c3(0), c = c1, coherence shows
the frozen of classical correlation for all time. Coherence
shows the frozen phenomenon of quantum discord and
classical correlation. In Fig. 3, we plot the time evolution
of the quantum discord, the classical correlations, and the
coherence for c1(0) = 0.6, c2(0) = −0.6, c3(0) = 1 and
γ = 0.1. The plot clearly shows the frozen of coherence
indicates the frozen of quantum discord and classical cor-
relation in different times. The action of bit-phase flip
channel on initial states c2(0) = −c1(0)c3(0) also indi-
cated that coherence shows the frozen phenomenon of
quantum discord and classical correlation.
Figure 3. For the initial states c1(0) = 0.6, c2(0) = −0.6,
c3(0) = 1 and γ = 0.1, coherence (red dots) shows the frozen
phenomenon of quantum discord (green line) and classical
correlation (blue line) under bit flip channel.
B. Coherence indicates the decay of quantum
discord and classical correlation
The phase flip channel has operation elements [31]
K20 =
√
1− q(t)/2I,
K21 =
√
q(t)/2σ3. (32)
6We put phase flip channel on system A and system B
respectively, the time evolution of Bell-diagonal states
can be expressed as
c1(t) = c1(0)e
−2γt,
c2(t) = c2(0)e
−2γt,
c3(t) ≡ c3(0). (33)
For the initial states c2(0) = −c1(0)c3(0), c 6= c3, co-
herence shows the decay of classical correlation for times
t < t¯, and shows the quantum discord decay for times
t > t¯. For the initial states c2(0) = −c1(0)c3(0), c = c3,
coherence shows the decay of quantum discord for all
times. In Fig. 4, we plot the time evolution of the quan-
tum discord, the classical correlations, and the coherence
for c1(0) = 1, c2(0) = −0.6, c3(0) = 0.6 and γ = 0.1.
The plot clearly shows the decay of coherence indicates
the decay of quantum discord and classical correlation
in different times. The action of phase damping channel
on initial states also indicated that coherence shows the
decay of quantum discord and classical correlation.
Figure 4. For the initial states c1(0) = 1, c2(0) = −0.6,
c3(0) = 0.6 and γ = 0.1, coherence (red dots) shows the
decreasing phenomenon of quantum discord (green line) and
classical correlation (blue line).
VI. CONCLUSION
In this paper, we have studied the role of coherence in
quantum discord and classical correlation decoherence.
In order to do this issue, we first study the relationship
between coherence and quantum discord by reducing the
difference between them. Relax the basis constraint b,
the relative entropy of quantum discord is equal to the
relative entropy of coherence in optimal basis. Remove
the local coherence in subsystems, the two-side quantum
discord is equal to the coherence between two subsystems
in optimal basis.
As for Bell-diagonal states, quantum discord is equal
to coherence in a set of MUBs. And then, we study the
dynamics of quantum discord, classical correlation and
coherence for Bell-diagonal states. It is shown that co-
herence describes the behavior of classical correlation and
quantum discord for times t < t¯ and t > t¯ respectively.
The role of coherence during classical and quantum deco-
herence changes at transition time t¯ suddenly, this phe-
nomenon comes from the sudden change of the optimal
basis. Moreover, the coherence frozen and decay shows
the frozen and decay of quantum discord and classical
correlation in different times, respectively.
We believe that our work is important to understand
the common features of quantum resources and the role
of quantum discord, classical correlation and coherence
in quantum resources theory. In future works, we will
study the essential relations between quantum resources
and try to provide a unified framework of them.
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